ON FINITE-DIMENSIONAL MAPS II 



H. MURAT TUNCALI AND VESKO VALOV 

Abstract. Let f: X ^ Y he a perfect n-dimensional surjective map of 
paracompact spaces and Y a C-space. We consider the following property 
of continuous maps g: X ^ l'' ~ [0, 1]'', where 1 < k < to: each g{f^^{y)), 
y £ Y , is at most n-dimensional. It is shown that all maps g € C(Ar, I"^ ) 
with the above property form a dense G^-set in the function space C'{X, I"^^) 
equipped with the source limitation topology. Moreover, for every 71 + 1 < 
m < to the space C(Ar, I"*) contains a dense G^-set of maps having this 
property. 



1. Introduction 

This note is inspired by a result of Uspenskij [15, Theorem 1]. Answering a 
question of R. Pol, Uspenskij proved the following theorem: Let / : X Y he 
a light map (i.e. every fiber f~^{y) is 0-dimensional) between compact spaces 
and A be the set of all functions g: X ^ I = [0,1] such that g{f~^{y)) is 0- 
dimensional for all y & Y. Then ^ is a dense G^-subset of the function space 
C{X, I) provided y is a C-space (the case when Y is countable-dimensional was 
established earlier by Torunczyk). We extend this result as follows: 

Theorem 1.1. Let f: X ^ Y be a cr-perfect surjection such that dim/ < n 
and Y is a paracompact C-space. Let Ti = {g E C{X,1^'^^) : dim. g{f~^{y)) < 
n for each y E Y}. Then Ti is dense and G5 in C(A, I"^^) with respect to the 
source limitation topology. 

Corollary 1.2. Let X, Y and f satisfy the hypotheses of Theorem 1.1 and 
n + 1 < m < uj . Then, there exists a dense Gs-subset Tim o/C(X, I™") with 
respect to the source limitation topology such that (iim.g{f~^{ii)) < n for every 
g G Tim o-nd y eY . 

Here, dim / = supjdim /"^(y) : y E Y} and / is said to be cr-perfect if there 
exists a sequence {Xi} of closed subsets of X such that each restriction map 
f\Xi is perfect and the sets f{Xi) are closed in Y. The C-space property was 
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introduced by Haver [7] for compact metric spaces and then extended by Addis 
and Gresham [1] for general spaces (see [4] for the definition and some prop- 
erties of C-spaces). Every countable-dimensional (in, particular, every finite- 
dimensional) paracompact space has property C, but there exists a compact 
metric C-space which is not count able- dimensional [13]. For any spaces X and 
Y by C{X, Y) we denote the set of all continuous maps from X into Y. If (Y, d) 
is a metric space, then the source limitation topology on C{X, Y) is defined in 
the following way: a subset U C C{X, Y) is open in C{X, Y) with respect to the 
source limitation topology provided for every g E U there exists a continuous 
function a: X — > (0, oo) such that B{g, a) C U, where B(g, a) denotes the set 
{h e C{X,Y) : d{g{x),h{x)) < a{x) for each x e X}. The source limitation 
topology is also known as the fine topology and C{X, Y) with this topology has 
Baire property provided {Y,d) is a complete metric space [12]. Moreover, the 
source limitation topology on C{X, Y) doesn't depend on the metric of Y when 
X is paracompact [8]. 

All single-valued maps under discussion are continuous, and all function 
spaces, if not explicitely stated otherwise, are equipped with the source lim- 
itation topology. 

2. Proofs 

Let show first that the proof of Theorem 1.1 can be reduced to the case when 
/ is perfect. Indeed, we fix a sequence {Xi} of closed subsets of X such that each 
map fi = f\Xi: Xi ^ Yi = f{Xi) is perfect and Yi G Y is closed. Consider 
the maps Tr^: C(X,r+^) ^ C{Xi,r+^) defined by Ti{g) = g\Xi and the sets 
Hi^ {g e C{XiX^^) ■■ dimg{fr\y)) < n for each y e Yi}. If Theorem 1.1 
holds for perfect maps, then every Hi is dense and Gs in C{Xi, Y''^^), so are the 
sets Ti'^iHi) in C(X,r+^) b ecause tTj are open and surjcctivc maps. Finally, 
observe that Ti is the intersection of all Tii and since C(X, I""*"^) has Baire 
property, we are done. 

Everywhere in this section X,Y, f and H are fixed and satisfy the hypotheses 
of Theorem 1.1 with / being perfect. Any finite-dimensional cube l'^ is consid- 
ered with the Euclidean metric. We say that a set-valued map 6: H ^ 
where J-{Z) denotes the family of all closed subsets of the space Z, is upper 
semi-continuous (br. u.s.c.) ii {y G H : 9{y) C W} is open in H for ev- 
ery open W <Z Z. In the above notation, 9 is called lower semi-continuous if 
{y E H : 9{y) (IW $} is open in H whenever W is open in Z. 

Proof of Theorem 1.1. 

For every open set V in 1"+^ let Hy be the set of all g e C(X,I"+^) such 
that V is not contained in any g{f~^{y)), y E Y. Following the Uspenskij idea 
from [15], it suffices to show that each set Hv is dense and open in C{X,V''^^). 
Indeed, choose a countable base B in I""*"^. Since a subset of I""*"^ is at most 
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n-dimensional if and only if it doesn't contain any V G B, we have that H is 
the intersection of all Hy, V E B. But C(X, F"*"^) has the Baire property, so H 
is dense and Gg in C{X,I^'^^) and we are done. 

Lemma 2.1. The set Hy is open in C(X,r+^) for every open V C F''"^ 

Proof. Fix an open set V in F"*"^ and go e Hv- We are going to find a continuous 
function a: X — > (0, oo) such that S(^o, C Hv- To this end, let p: Z ^ Y 
be a perfect surjection with dimZ = and define ip: Y ^ ^(F"*"^) by ip{y) = 
9'o(/~^(2/))) y ^Y. Since / is perfect, i/j is upper semi-continuous and compact- 
valued. Now, consider the set- valued map -01 : Z — >■ JF(F^"^), = i/j o p. 
Obviously, go G Hy implies V\i/ji{z) ^ for every z E Z. Moreover, ■0i is 
also upper semi-continuous, in particular it has a closed graph. Then, by a 
result of Michael [10, Theorem 5.3], there exists a continuous map h: Z ^ F^^ 
such that h{z) G V\ipi{z), z E Z. Next, consider the u.s.c. compact- valued 
map 9:Y^ JP(F+1), e{y) = h{p-\y)), y e Y. We have ^ 0{y) C V 
and 9{y) fl = for all y e Y. Hence, the function ai : F — > R, ai{y) — 
d{9{y),^p(y)), is positive, where d is the Euclidean metric on F"*"^. Since, both 
9 and i/j are upper semi-continuous, ai has the following property: aj"^(a, oo) is 
open in Y for every a G M. Finally, take a continuous function a2'- Y ^ (0, oo) 
with a2{y) < C(i{y) for every y eY (see, for example, [3]) and define a — f- 
It remains to observe that, if g' G B(go, a) and y eY, then 9(y) C V\g{f~^{y)). 
So, g{f~^{y)) doesn't contain V for all y eY, i.e. B{go, a) C 'Hv- D 

Remark. Analyzing the proof of Lemma 2.1, one can see that we proved 
the following more general statement: Let h: X ^ Y he a, perfect surjection 
between paracompact spaces and K a complete metric space. Then, for every 
open V <Z K the set of all maps g G C(X, K) with V (f. g{h~^{y)) for any y & Y 
is open in C{X,K). 

The remaining part of this section is devoted to the proof that each Hv is 
dense in C(X, F"*"^), which is finally accomplished by Lemma 2.6. 

Lemma 2.2. Let Z and K be compact spaces and Kq = U^^^fCj with each Ki 
being a closed 0- dimensional subset of K. Then the set A= {g E C{Z x K,T): 
d\mg{{z} X Ko) = for every z E Z} is dense and Gs in C{Z x K,I). 

Proof. Since, for every i, the restriction map p^: C{Z x K,T) C{Z x Ki,T) 
is a continuous open surjection, we can assume that Ko = K and dimK = 0. 
Then A is the intersection of the sets Av, V e B, where B is a countable base 
of I and Av consists of all g G C{Z x K, I) such that V ^ g{{z} x K) for every 
z E Z. By the remark after Lemma LI, every Ay C C{Z x K.I) is open, so A 
is Gs. It remains only to show that A is dense in C{Z x K,I). Since K is 0- 
dimensional, the set Gk = {/i G G{K,R) : h{K) is finite} is dense in G{K,W). 
Hence, by the Stone- Weierstrass theorem, all polynomials of elements of the 
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family j = {t ■ h : t e C{Z, R),he Cr) form a dense subset V of C{Z x K, R). 
We fix a retraction r: R ^ I and define Ur'. C{Z x K,R) C{Z x 
Ur{h) = r o h. Then Ur{V) is dense in C{Z x K,T). It is easily seen that every 
g G Ur(V) has the following property: g{{z} x K) is finite for every z & Z. So, 
Ur{V) C ^, i.e. A is dense in C(Z x K,T). □ 

Lemma 2.3. Let M and K he compact spaces with dimK < n and M metriz- 
ahle. IfVc IS open, then the set of all maps g e C{M x K,r^^) such 
that V ^ g{{y} x K) for each y e M is dense in C{M x K, F+^). 

Proof. We are going to prove this lemma by induction with respect to the di- 
mension of K. According to Lemma 2.2, it is true if dimi^' = 0. Suppose 
the lemma holds for any K with dim K < m — 1 for some m > 1 and let K 
be a fixed compact space with dimK = m. For g'^ G C{M x /C, I™^^) and 
e > we need to find a function g G C(M x K,T^~^^) which is e-close to g^ 
and V (f. giXv) x K) for every y G M. If K is not metrizable, we represent it 
as the limit space of a cr-complete inverse system S — {Kx.,p^^ : A G A} such 
that each K\ is a metrizable compactum with (X\m.K\ < m. Then M x 7^ is 
the limit of the system {M x Kx,id x p^"*"^ : A G A}, where id is the identity 
map on M. Applying standard inverse spectra arguments (see [2]), we can find 
A(0) G A and £/a(o) e C(M x Ka(o), I™"*"^) such that ^a(o) o {id x pa(o)) = 
where px(o) ■ K -f^A(o) denotes the A(0)-th limit projection of S. Therefore, 
the proof is reduced to the case when K is metrizable. 

Let K be metrizable and K = Ki U K2 such that Ki is a 0-dimcnsionaI 
cr-compact subset of K and dimAr2 < m — 1 (this is possible because K is 
metrizable and m-dimensional, see [4]). Let g^ — gl x g2, where every g^ is a 
function from K into I, and ^r^ : X I™". We can assume that V = V1XV2 with 
both Vi C I and V2 C I™ open. According to Lemma 2.2, there exists a function 

gi'. M X K ^ I which is ^^-close to g^ and such that dimgi{{y} x Ki) = 

V2 

for every y G M. Hence, Vi is not contained in any of the sets gi{{y} x Ki), 
yeM. 

Claim. There exists an open set Ai <Z K containing Ki such that Vi (f. 
9\{{y] X ^1) for any y E M. 

To prove the claim, we represent Ki as the union of countably many compact 
0-dimensional sets and consider the upper semi-continuous compact- valued 
maps '4>i: M ^ defined by '^i{y) — gi{{y} x K^j). As in the proof of 

Lemma 2.1, we fix a 0-dimensional space Z, a surjective perfect map p: Z ^ M 
and define the set-valued maps ip^: Z ^ i^i = i^i ° P- K follows from 

our construction that each 'ipiiz), z E Z, i E N, is 0-dimensional. By [10, 
Theorem 5.5] (see also [6, Theorem 1.1]), there is h E C{Z,I) such that h{z) E 
Vi\ U~i i^i{z), z E Z. Then 9: M ^ J^{I), 9{y) = h{p-^{y)), is u.s.c. with 
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7^ ^(y) <^ ^ -^i) fo'^ every y G M. Since the graph of 6 is closed 

in M X I, the set U = {(y, x) ^ MxK : {y, gi{y, x)) ^ Gq} is open in M x X and 
contains M x Ki. So, Ai = {x E K : M x {x} C [/} is open in K and contains 
Ki. Moreover, 6{y) C x Ai) for every y e M, which completes the 

proof of the claim. 

Now, let A2 = K\Ai. Obviously, A2 is a compact subset of K2, so dim/l2 < 
m — 1. According to the assumption that the lemma is true for any space of 

dimension < m — 1, there exists a map /i2 : M x A2 ^1"^ which is ^p-close to 

v2 

g2\{M X A2) and such that V2 ^ h2{{y} x A2) for any y e M. We finally extend 

/i2 to a map 5^2 : M x K such that (^2 is ^^-closc to 5^2- Hence, 

v2 

(1) = U A2 and ^ gj{{y} x A,) for any y e M, j = 1, 2. 

Then the map g = gi x g2: M x K ^ 1"*+^ is e-close to go- It follows from (1) 
that V ^ g{{y} x K) for any y e M. 

□ 

For any open V C 1"^^ we consider the set-valued map from Y into 

(:7(X,r+^), given by V'y(y) = e C(X,r+i) : \/ c g{f-\y))}, y e Y. 

Lemma 2.4. IfVc I"^^ zs open and C(X, I"^^) is equipped with the uniform 

convergence topology, then ipy has a closed graph. 

Proof. Let Gy C Y x C(X,F+^) be the graph of ifjy and {yo,go) ^ Gy Then 
go ^ ipviuo), so go{f~^{yo)) doesn't contain V. Consequently, there exists Zq G 
V\go{f~^{yo)) and let e = d{zo, go{f~^{yo))). Since / is a closed map, there 
exists a neighborhood U of yo in ^ with d{zo, go{f^^{y))) > 2~^e for every 
y E U. It is easily seen that x 54-1^(5(0) is a neighborhood of {yo,go) in 
y X G{X, I"^"*^) which doesn't meet Gy (here i?4-ie(fi'o) is the 4~^e- neighbor hood 
of go in C(X,r+^) with the uniform metric). Therefore Gy C Y x C(X,r+^) 
is closed. □ 

Recall that a closed subset F of the metrizable apace M is said to be a .Z-set 
in M [11], if the set C{Q, M\F) is dense in C{Q, M) with respect to the uniform 
convergence topology, where Q denotes the Hilbert cube. 

Lemma 2.5. Let a: X ^ (0, cxo) be a positive continuous function, V C I""*"^ 
open and go G G{X,I^~^^). Then ipy{y) fl B(go,a) is a Z-set in B{go,a) for 
every y eY, where B{go,a) is considered as a subspace of C{X,I"'~^^) with the 
uniform convergence topology. 

Proof. The proof of this lemma follows very closely the proof of [14, Lemma 
2.8]. For sake of completeness we provide a sketch. In this proof all function 
spaces are equipped with the uniform convergence topology generated by the 
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Euclidean metric d on I"^ . Since, by Lemma 2.4, ipy has a closed graph, each 
ipv{y) is closed in B(go,a). We need to show that, for fixed y E Y, 5 > and 

a map u: Q — ^ B{gQ,a) there exists a map v. Q B{gQ, a)\x/jy{y) which is en- 
close to u. Observe first that u generates h G C{Qx X, I"^^), h(z, x) = u(z){x), 
such that d{h{z,x), gQ{x)) < a{x) for any {z,x) E Q x X. Since f^^iy) is 

compact, take A G (0,1) such that Asup{q:(x) : x G f~^{y)} < ^ ^^"^ define 

hi E C{Q X /-i(y),r+^) by hi{z,x) = {1 - X)h{z,x) + Xgo{x). Then, for every 
{z, x) E Q X f~^{y), we have 

(2) d{hi{z,x), go{x)) < (1 — X)a{x) < a{x) 
and 

(3) d{hi{z,x),h{z,x)) < Xa{x) < -. 

Let q < min{r, -}, where r = mf{a{x)—d{hi{z, x),go{x)) : {z, x) E f^^ijj)}- 

Since dim/^^(i/) < n, by Lemma 2.3 (applied to the product Q x f^^(y)), 
there is a map /?2 E C{Q x f^^{y),¥''^^) such that d(h2{z, x), hi(z, x)) < q and 
h2{{z} X f^^{y)) doesn't contain V for each {z,x) E Q x f^^{y)- Then, by (2) 
and (3), for all {z,x) E Q x f~^{y) we have 

(4) d{h2{z,x),h{z,x)) < 5 and d{h2{z,x),go{x)) < a{x). 

Because both Q and f^^{y) are compact, U2{z){x) = h2{z,x) defines the map 
U2: Q ^ C{f-\y),r^'). Since the map tt: B{go,a) ^ C{r\y),r^'), <9) = 
g\f ^{y), is continuous and open (with respect to the uniform convergence 
topology), we can see that U2{z) E Tr{B{go,a)) for every z E Q and 0{z) — 
TT~^{u2{z)) n Bs{u{z)) defines a convex-valued map from Q into B{gQ, a) which 
is lower semi-continuous. By the Michael selection theorem [9, Theorem 3.2"], 
there is a continuous selection v: Q ^ C(X, I"^^) for 9. Then v maps Q into 
B{go, a) and v is 5-close to u. Moreover, for any z E Q we have 7r{v{z)) = U2{z) 
and V (f_ U2{z){f~^{y)). Hence, v{z) ipviv) for any z E Q, i.e. v. Q ^ 

B{go,a)\My)- □ 
We are now in a position to finish the proof of Theorem 1.1. 

Lemma 2.6. The setHy is dense in C{X,r+^) for every open V C I" . 

Proof. We need to show that, for fixed go E C(X, I*^"*"^) and a continuous func- 
tion a: X ^ {0, oo), there exists g E B{go, a) DHv- The space C(X, I""*"^) with 
the uniform convergence topology is a closed convex subspace of the Banach 
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space E consisting of all bounded continuous maps from X into M"^ . We define 
the set- valued map from Y into C(X,r+^), (f){y) = B{go, a), yeY. Accord- 
ing to Lemma 2.5, B{gQ, a) fl ipviu) is a Z-set in B{gQ, a) for every |/ G So, 
we have a lower semi-continuous closed and convex- valued map (p: Y ^ ^{E) 
and another map ipv'-Y^ ^{E) with a closed graph (see Lemma 2.4) such 
that (f){y)r\i/jv{y) is a Z-set in (j){y) for each y G F. Moreover, y is a C-space, so 
we can apply [5, Theorem 1.1] to obtain a continuous map h: Y ^ C{X,V''^^) 
with h{y) G (f>{y)\'ipv{y) for every y E Y. Then g{x) = h{f{x)){x), x E X, 
defines a map g G B{go,a). On the other hand, h{y) ^ ipv{y), y G F, implies 
that g G Hy □ 

Proof of Corollary 1.2. 

As in the proof of Theorem 1.1, we can suppose that / is perfect. We first 
consider the case when m is an integer > n + 1. Let expn+i be the family of all 
subsets oi A = {1,2,..,, m} having cardinality n+1 and let tt^ : I"* ^ denote 
the corresponding projections, B G expn+i- It can be shown that C{X,f^) — 
C{X,I^) X C(X,I^\^), so each projection pb: C(X,I™) ^ C{X,I^) is open. 
Since, by Theorem 1.1, every set Tis = {g E C{X,I^) : dimg(f^^(y)) < 
n for aU y e Y} is dense and Gs in C(X, I^), so is the set Pb^{'Hb) in C{X, I™). 
Consequently, the intersection Tim of all T^s, S G expn^i-, is also dense and Gs 
in C(X,I"'). Moreover, if ^ G Hm and |/ G F, then dmvTi B{g{f'^{y))) < n for 
any B G exp„+i. The last inequalities, according to a result of Nobeling [4, 
Problem 1.8.C], imply dim5f(/~^(y))) < n. 

Now, let m = a; and exp<^ denote the family of all finite sets B <Z uj ol 
cardinality \B\ > n + 1. Keeping the above notations, for any B G exp^^, 
ttb : Q = I'^ — ^ and pb'- C{X,Q) C{X,I^) stand for the correspond- 
ing projections. Then the intersection Ti.^ of all Pb^^Hb) is dense and Gs in 
C{X,Q). We need only to check that dimg{f~^{y)) < n for any g G and 
y & Y. And this is certainly true, take an increasing sequence {B{k)} in exp^^^ 
which covers lu and consider the inverse sequence S — {'^B{k){g{f^^{y))),'^k^^}, 
where tt^'^^ : 7TB{k+i){g{f~^{y))) T^B{k){g{f~^{y))) are the natural projections. 
Obviously, g{f^^{y)) is the limit space of S. Moreover, g G Ti^^ implies that 
T^B(k) ° g ^ T^Bik) for any A;, so all '^B{k){g{f ^^{y))) are at most n-dimensional. 
Hence, dim < n. 
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